A boundary integral method [1] for calculating leaky and guided modes of microstructured optical fibers is presented. The method is rapidly converging and can handle a large number of inclusions (hundreds) of arbitrary geometries. Both, solid and hollow core photonic crystal fibers can be treated efficiently. We demonstrate that for large systems featuring closely spaced inclusions the computational intensity of the boundary integral method is significantly smaller than that of the multipole method. This is of particular importance in the case of hollow core band gap guiding fibers. We demonstrate versatility of the method by applying it to several challenging problems.
Introduction
Microstructured optical fibers (MOFs) have recently attracted much interest because of their unique optical properties [2, 3, 4, 5] . Light in a MOF is confined by one of the three principal mechanisms: modified total internal reflection, photonic band gap guidance and antiresonant guidance. In all the cases, the propagation of light is strongly influenced by the geometry of the fiber cross section. To fully realize the potential of MOFs through optimal design, availability of the high performance simulation tools is essential. Although significant progress has been made in modelling of MOFs, rigorous modal analysis remains challenging, especially in the case of large number of holes or non-cylindrical hole shapes. Additional complexity comes from the MOF large refractive-index contrast, fully vectorial modal fields, and leaky nature of the modes.
A number of modelling techniques has been developed for finding the modes of MOFsthe plane wave expansion method [6] , the localized function method [7] (in a scalar approximation), finite element and finite difference methods [8, 9, 10] , boundary element methods [11, 12, 13, 14] , and multipole expansion method [15, 16, 17, 18, 19] . The finite element and finite difference methods require volume discretization which demands considerable memory resources to achieve high accuracy. These methods, however, are well suited to treat complex shapes. The multipole method experiences convergence and accuracy problems when the holes are too closely spaced from one another or when the effective refractive index of a mode is too different from that of a cladding. Due to the nature of the expansion, multipole method is best suited for the analysis of circular inclusions, however extensions to treat complex shapes [17] and sub-inclusions [18, 19] have been demonstrated.
In this paper, we develop an accurate and efficient boundary integral method for the modal analysis of MOFs. Here we extend the boundary integral method originally developed for the modal analysis of conventional waveguides [20] . The key advantages of the proposed method are the following. For circular inclusions (similarly to the multipole method) much of the calcu- lations are done analytically resulting in a highly accurate and rapidly convergent implementation. Additionally, the method can treat inclusions of arbitrary shapes defined by a parametrical curve. The method is able to treat accurately systems that contain a large numbers of inclusions (hundreds), due to a well behaved nature of matrix elements used in the formulation. Particularly, the method is able to treat efficiently very closely spaced inclusions, which is of particular interest in the case of hollow core air-guiding fibers. Finally, symmetries of the fiber geometry can be readily taken into account by the numerical algorithm to speed up modal calculations. After analyzing its performance, we believe that boundary integral method finds its place in-between the brute force finite element method and the semi-analytical multipole method. Similarly to the multipole method, boundary integral method requires small operational memory and allows almost analytical evaluation of the matrix elements. However, expansions used in the proposed boundary integral method are more stable than those used in the multipole method. This allows to study systems with a large number of arbitrary shaped inclusions, similarly to a finite element method.
We validate our method on various simple structures by comparing its predictions with those of the multipole method. We then demonstrate versatility of the method by applying it to several challenging problems. First, we study confinement losses of the core guided modes of a hollow photonic crystal fiber featuring up to 5 reflector layers Fig. 1(a) . Second, modal fields and birefringence of a hollow elliptical core fiber with 3 reflector layers Fig. 1(b) are characterized. Finally, birefringence in plasmonic excitation is studied in a solid core microstructured fiber with metallized elliptical holes Fig. 1(c) . We show splitting in a doubly degenerate plasmonic mode when hole ellipticity is introduced. Application to pressure sensing is proposed.
Mathematical formulation
The schematic of a MOF geometry is shown in Fig. 2 . We suppose that the fiber cross-section is located in the xy plane, while the longitudinal axis z is directed along the fiber length. Fiber cross-section consists of a finite number N c of homogeneous inclusions of refractive index n c embedded into a homogeneous background material of refractive index n g . Modal field components are taken to have an exp i(β z − ωt) dependence. Here β is the propagation constant of has a cusp when s → s ′ ; it also exhibits oscillations (γ = n 2 g − n 2 e ). c) Arbitrary shaped inclusion and a corresponding regularization circle.
. Since the field components satisfy the Helmholtz equations (1), at any point r in the fiber cross section, they can be represented by the following contour integrals (also known as the single layer potentials) [20, 21] :
The contour functions e( r s ) and h( r s ) are called the potential densities [21] and their specification is sufficient to obtain the longitudinal field components. The function G( r, r s ) is the Green's function of the Helmholtz equation in a uniform medium and it is given by:
where H (1) 0 () is the zeroth-order Hankel function of the first kind. The value of γ and the contour of integration depend on the position r. If r is located inside of the kth inclusion then γ = γ c and integration is taken along the inclusion's boundary L = L (k) . If r is located in the fiber cladding then γ = γ g and integration is taken along all the inclusion boundaries
is located exactly at the inclusion boundary one can use any of the two definitions. We also note here that such a formulation satisfies the Reichardt condition [20] at infinity so it can treat both "proper" leaky modes that have fields vanishing at infinity and the "improper" leaky modes that grow at infinity. This can be possible by allowing the imaginary part of γ g to be positive or negative.
We assume now that all the individual inclusion boundaries can be described by the parametric expressions x = x k (s) and y = y k (s), s being a parameter such that 0 ≤ s ≤ 2π, and k being the inclusion number. Inserting Eqs. (3) into the continuity conditions (2), we obtain the following equations for any point r s ∈ L ( j) :
where
is the jacobian of the contour k. This is a system of four coupled linear integral equations for the scalar contour functions e
c , e
The value of n e , for which a nontrivial solution of (5) [21] . Consider now the discretization of Eqs. (5) . A direct discretization would run into difficulties as Hankel functions and their tangential derivatives become singular when s ′ → s. Therefore, such a singularity has to be first removed from the formulation. We start with the case of circular inclusions. 
is a periodic function with a period 2π, we can choose the trigonometric interpolation to approximate ψ (k) (s ′ ):
As discussed in [22] , the error of such an approximation decreases exponentially fast with n (k) . Expansion (6) is a key to our formulation of the boundary integral method. As it will be shown later, in comparison to the prior formulations that use Fourier expansion, using the trigonometric interpolation reduces considerably the numerical cost of resolving Eqs. (5). Consider first the integrals along the contour L ( j) . These are the most problematic because of the presence of the singular point r s ′ = r s . When interpolations of the form (6) are inserted into the integrals along the contour L ( j) in (5), these integrals take the following form:
In Appendix A we present details of the Green's function derivative evaluation for the arbitrary contour shapes. The fourier transforms of Φ(s, s ′ ) in (7) can be evaluated analytically according to the following formulas [23] :
where J m () and H (1) m () are the mth order Bessel and the first kind Hankel functions, while a prime denotes the derivative with respect to the argument. The first two relations can be derived from the Graf's addition theorem [24] , while the third relation is simply the ( 1 a j d ds ) derivative of the first one. Thus, all the integrals in parenthesis of (7) can be evaluated analytically, and the only approximation remaining is due to the trigonometric interpolation of ψ(s ′ ).
We now consider the integrals along the other contours L
Particularly, we are looking for a discrete form of these integrals as a linear function of the values ψ (k) (s t ) defined on the corresponding equidistant grids s t = t 2π 2n (k) , t = 0, . . . , 2n (k) − 1. Since r s is not on the contour L (k) , no singularities are present in such integrals. We now distinguish two cases.
First case is when the shortest distance d j,k min between r s and the contour L (k) is relatively small d j,k min a k , which results in a sharply peaked function Φ(s, s ′ ) with a width at a half maximum Fig. 2 ). As before, we approximate ψ (k) (s ′ ) with a trigonometric interpolation and obtain integrals of the form (7) . In this case, however, no analytical formulas are available for the fourier transforms present in (7) and we evaluate them numerically by performing a Fast Fourier Transform (FFT). The accuracy of FFT should be higher than the accuracy of the trigonometric interpolation in order to achieve the smallest error. In fact, because of a cusp in the Green's function the number of points used in FFT should exceed
Second case is when the shortest distance between r s and the contour L (k) is relatively large d j,k min a k , and the functions Φ(s, s ′ ) may be considered as relatively smooth. When a large number of inclusions is present, this becomes the most common case. Here, for the integration of the function ψ (k) (s ′ )Φ(s, s ′ ), instead of (7) we apply a much simpler trapezoidal rule:
The error associated with (9) will be still exponentially small [22] . Such a discretization has a minimal cost as only a single evaluation of the kernel function is needed. The only limitation imposed on the number of points n (k) is that it has to be large enough to resolve all the oscillations in the Green's functions Φ(s, s ′ ) (see Fig. 2(b) ). Particularly, from the functional form of the Green's function (4) it is straightforward to demonstrate that the number of oscillations in (7) and (9) are substituted back into (5), matrix equation is obtained:
The vector of unknowns X has 4N c ∑ 2n (k) elements which are the values of e
g (s t ) defined on their proper discrete lattices t = 0, . . . , 2n (k) − 1, and k = 1, . . . , N c . The elements of matrix A(n e ) depend non-linearly on n e . Modal effective refractive indexes are defined by the values of n e for which the determinant of A(n e ) is zero. We note here that, as in [15] , the size of the unknown vector X and the corresponding matrix A(n e ) could be cut in half by considering only the first two equations of (2) and using the other two to express e c (s t ) and h c (s t ) as a function of e g (s t ) and h g (s t ) at each inclusion. However, this results in more complex matrix elements.
Comparison of the code performance with that of a multipole method
The multipole method is not very different from the boundary integral method proposed here. In fact, one can derive the multipole method starting from the integral equations (5) . If, as in [20] , the coefficients of a fourier expansion of the contour functions e g (s ′ ) and h g (s ′ ) are specified and the Graf's addition theorem is applied twice (once to derive the so-called Wijngaard expansion and once to transform the the origin of the cylindrical waves) the multipole formulation is obtained.
Particularly, the azimuthal variation of the longitudinal electric field in the vicinity of an in-
c m e ims ′ , (and similarly for H z ) for some coefficients c m . Here M is the multipole order and this field expansion has the same accuracy as the trigonometric interpolation (6) if M ≃ n is assumed. The Graf's addition theorem involves an infinite series which for consistency must be truncated to the same order M as the field expansion. This induces some error which is independent from the error associated with the field expansion. For well separated inclusions this last error is smaller than the error in the field expansion and the method works well. As the distance between inclusions decreases, the error associated with the truncated Graf's series increases and at some point it becomes bigger than the error associated with the fields expansion. In such case, the multipole method starts to loose accuracy unless the order of the field expansion is increased accordingly. We now estimate the numerical cost of the multipole method for the calculation of the modes of a system of N c identical inclusions of diameter d forming a periodic lattice of pitch λ (see Fig. 1(a), for example) . In this case the total number of unknowns is 2N c (2M + 1) , and the number of matrix elements Size (A(N e ) 
We now estimate the numerical cost of the boundary integral method. Assuming 2N p point discretization of every boundary, the number of unknowns in a system is 8N c N We summarize the performance of the multipole and boundary integral methods in the Table 1. From this table it is clear that both methods show comparable performances when inclusions are well separated. Boundary integral method, however, greatly outperforms multipole method in the case of closely separate inclusion both in terms of memory and simulation time. 
Arbitrary shaped inclusions
For the arbitrary shaped inclusions, the discretization procedure is similar to that used for the circular inclusions. Particularly, the trigonometric interpolation is now used for the functions
Assuming that r s ∈ L ( j) , discretization of the integrals along the contours L 
where index a shows that Φ(s, s ′ ) is evaluated along the boundary of an arbitrary shaped inclusion. In this case no analytical formulas are available for the Fourier transforms of Φ a (s, s ′ ).
Moreover, we can not use FFT efficiently because of the singularity at s = s ′ . To circumvent this problem we introduce a regularization circle following [20] . Particularly, for every jth inclusion, we consider a circle of a comparable diameter a j as shown schematically in Fig. 2(c) . We further distinguish two cases. In the first case, Φ a (s, s ′ ) represents the Green's function G a (s, s ′ ). Then, the integral in (12) can be expressed as:
where index c denotes the regularization circle. Second integral in the righthand side can be evaluated analytically. Function G a − G c is not singular any more, and its fourier transform can be evaluated by using FFT. The value of G a − G c when s ′ → s is given in the Appendix A.
In the second case,
∂ τ derivative of the Green's function. Then, the integral in (12) can be expressed as: We note that our discretization scheme, although closely related, is significantly different from the one used in [20] . In that work, instead of a trigonometric polynomial, Fourier expansion of the potential densities ψ (k) (s ′ ) is used. In our case, the matrix elements are given by the single integrals, while in [20] they are given by the double Fourier integrals which are numerically more intensive to evaluate. Finally, the numerically efficient trapezoidal rule (9) used to calculate the majority of the matrix elements in our method, can not be used in [20] as in their case Fourier coefficients, rather than the equidistant values ψ (k) (s t ), are employed.
Finding the modes
Finding the propagating modes corresponds to finding values of n e for which the determinant of A(n e ) in Eq. (10) is zero. This can be done in several ways. One approach is the integral root searching technique [25] . Another approach [15] is to compute a map of the modulus of the determinant over the region of interest and then use the local minima of this map as initial values for further root refinement. We perform a search for the minima of the determinant along a single line in the complex plane and then use these local minima as initial values for further root refinement. If the imaginary component of n e is expected to be much smaller than its real component a search line can be typically chosen along the real axis. Finally, as a refinement algorithm we use Newton method. Determinant derivative with respect to n e is calculated numerically using first order finite difference scheme. In fact, we consider the determinant only for simple structures with less than 10 inclusions. For the structures with a higher number of inclusions, instead of the determinant, we consider the matrix A(n e ) smallest eigenvalue. When the determinant goes to zero, so does the smallest eigenvalue. We find that the smallest eigen value possess a wider convergence zone compared to that of the determinant. Furthermore, by working with the smallest eigenvalue, one avoids very large values typical for the determinants. Thus, for complex structures, we find the effective refractive index of a mode by performing root searching for the smallest eigenvalue of A(n e ).
An important part of the method is inclusion of symmetries. According to the symmetry, the modes of a fiber are separated into distinct classes. Calculations are then performed separately for every class. Considerable reduction of the overall computational cost is achieved as only a small part of a structure has to be used in a simulation.
Study of the code accuracy for the simple test structures
In order to validate the method, we perform convergency analysis and accuracy comparison with a multipole method for the three simple test structures shown in Fig. 3 . First, we consider the structure presented in [15] and shown in Fig. 3(a) . Is consists of a single ring of six equally spaced circular holes with diameters d = 5µm and a pitch Λ = 6.75µm. The glass cladding is assumed to have refractive index of n g = 1.45, while the air holes have n c = 1. The wavelength is λ = 1.45µm. In the Table 3 we present convergence study of the effective refractive index of one of the low order modes as calculated by the boundary integral method, as well as comparison with a multipole method [15] . We remark that for the same number of unknowns both methods have similar accuracy. As mentioned earlier, this is to be expected in this case of well separated inclusions. We also remark that in our implementation choosing 24 discretization points per hole results in a ten digit accuracy for n e ; this is to be compared with the results of [14] where 50 points per hole were needed to achieve the same accuracy. Now, we consider a solid core fiber with all the structural parameters as in the previous case, except with elliptical holes instead of the circular ones (see Fig. 3(b) ). The major axis of the ellipses is taken as a = 5µm, while the minor one is taken as b = 3µm. Convergence data for one of the low order modes of this fiber is presented in [17] . Our results are presented in Table 3 , including comparison with [17] . The methods agree well, with a consistency of up to five significant digits in the real part of (n e ) and two significant digits in the imaginary part.
Our next comparison is with a coated MOF studied in [19] . The details of how the boundary integral method equations are modified in such a case are given in Appendix B. The in- Table 2 . Effective refractive index of a mode (of a symmetry class p = 1 as defined in [15] ) of a solid core MOF featuring one ring of six holes (see Fig. 3(a) ). n e n e from [15] 
1.438364933832+1.416452E-6i 1.438364934245+1.416476E-6i 10 1.438364934213+1.416476E-6i ----- Table 3 . Effective refractive index of a mode of a solid core MOF featuring one ring of six elliptic inclusions (see Fig. 3(b) ). The results are for the fundamental mode where the nodal line of the E z field is horizontal. For the other polarization the value 1.446429072 + 2.9898E − 6i is obtained by us and 1.446427235 + 2.9601E − 6i by [17] .
n e n e from [17] 
clusions are coated with a silver metal having a refractive index n m = 0.433480043837 + i8.70529497278 at λ = 1.45µm. Geometry of the structure is shown in Fig. 3(c) ; it consists of six coated cylinders with outer diameters d o = 0.8µm, inner diameters d i = 0.7µm, and a pitch Λ = 1.5µm. The glass cladding is assumed to have refractive index of n g = 1.45, while the air holes have n c = 1. The convergence analysis is presented in Table 4 , including comparison with [19] . Again we remark that both methods have almost the same accuracy. Table 4 . Effective refractive index of a mode of a solid core MOF with one ring of six coated holes (see Fig. 3(c) ). Results are for the fundamental core guided mode.
n e n e from [19] n (2n discretization points (n (k) = n)) (2n+1 multipoles (M = n)) 5 1.3185274489424+1.02381886341E-2i 1.3185289649829+1.02387409920E-2i 6 1.3185289204692+1.02387219890E-2i 1.3185290956223+1.02387731841E-2i 7 1.3185291018934+1.02387720315E-2i 1.3185291032524+1.02387715746E-2i 8 1.3185291029932+1.02387712548E-2i 1.3185291033515+1.02387715465E-2i 9 1.3185291033469+1.02387715225E-2i 1.3185291034001+1.02387715552E-2i 10 1.3185291033995+1.02387715563E-2i 1.3185291034042+1.02387715538E-2i 11 1.3185291034040+1.02387715536E-2i 1.3185291019762+1.02387703950E-2i 12 1.3185291034042+1.02387715538E-2i
----- 
Demonstration of the code potential for the study of complex structures

Loss of the hollow core PCF featuring a large number of reflector layers
As a first example we consider finding the fundamental core guided mode of a hollow-core PCF presented in Fig. 1(a) . The PCF consists of five rings of circular holes arranged on a hexagonal lattice and surrounding a hollow core formed by the two missing rings in a fiber center. Overall, there are 120 holes in the cladding. The hole to hole pitch is Λ = 2.74µm, the hole diameter is d = 0.95Λ, and the core diameter is d c = 2.5d. The glass cladding is assumed to have refractive index of n g = 1.45, while the refractive index of the air holes is n c = 1. Dispersion curve for the fundamental core guided mode of this fiber is shown in Fig. 4 (a) (dashed line). The minimum imaginary part, corresponding to the center of the bandgap, is obtained at λ = 1.51µm where we find n e = 0.98451599741954 + 3.434721E − 8i. For these calculations, the number of discretization points (2n) per hole is chosen according to the following distribution: for the central hole n = 32, for the five rings of holes starting from the inner one we have taken respectively n = {16, 16, 14, 12, 10}. When n is increased by 2, that is n = {34, 18, 18, 16, 14, 12} the change in the value of n e equals to 2.6E − 9 + 5.4E − 10i, signifying convergence of the small imaginary part. Convergence analysis is also performed for the order of FFT, which must be at least 256 to guarantee the low value of the overall error. This is a relatively high number and it increases the computational cost of the matrix elements, however note that we are dealing with a difficult case where the spacing between the inclusions is small. We also present in Fig. 4 
Large birefringence of a hollow elliptical core PCF
Next, we consider the structure presented in Fig. 1(b) . It consists of three layers of circular holes arranged on a hexagonal lattice. There are four missing holes at the center of the fiber replaced by a central elliptic core. The hole pitch is Λ = 2µm, the hole diameter is d = 0.9Λ, and the elliptical core has axis a = 2.3µm and b = 4.6µm. The glass cladding is assumed to have refractive index of n g = 1.45, while refractive index of the air holes is n c = 1. This structure is similar to the structure of a highly birefringent fiber proposed in [26] , except for the shape of a central hole. In Fig. 5 we present birefringence of the fundamental mode of this fiber. Interestingly, the birefringence changes its sign around λ = 1.41µm. At the outset of this figure we show the S z fluxes for the x and y polarizations of the fiber fundamental mode at λ = 1.42µm. The values for the effective refractive indices at this wavelength are as follows:
n x e = 0.93903355 + 6.7418E − 4i and n y e = 0.93816250 + 2.2133E − 3i.
Loss birefringence of a MOF containing metal coated elliptical inclusions
Finally, we consider loss birefringence of the fundamental mode in a MOF containing six elliptical air holes coated with a thin silver layer. The geometry is given in Fig. 1(c) . The inclusions are coated with silver. The refractive index of silver is calculated from the interpolation of measured data like in [19] . The glass cladding is assumed to have a refractive index n g = 1.45, while the air holes have n c = 1. The hole to hole pitch is Λ = 1.5µm. Six coated elliptical inclusions are described by the outer major axis a o = 0.8µm + δ , b o = 0.8µm − δ and the inner major axis a i = 0.7µm + δ , b i = 0.7µm + δ . In our simulations we use δ = 0.04µm, which defines the hole ellipticity of δ = 2|a − b|/(a + b) = 10%. We now characterize losses of the two fundamental mode polarizations as a function of the wavelength. When ellipticity parameter is taken to zero δ = 0 (circular inclusions), both polarizations are degenerate. Here, loss curve of the fundamental mode is presented as dashed in Fig. 6 . The wavelength of maximal loss ∼ 1.41 corresponds to the point of phase matching of a core guided mode with a plasmon propagating on the interface between silver and glass. When ellipticity is introduced, wavelengths of phase matching of a fundamental core guided mode with a plasmon become somewhat different for the two polarizations. For example, for δ = 0.04µm, dispersion curves for the losses of the two polarizations are presented in Fig. 6 (solid curves). Plasmonic resonances for both polarizations are clearly identifiable as maxima in the modal losses. For the x-polarization the maximum of losses is at λ m = 1.419µm, while for the y-polarization it is at λ m = 1.407µm. The corresponding S z fluxes are shown in the outset of Fig. 6 . From the flux distributions it is clear that at the wavelengths of phase matching with a plasmon, core guided mode is well mixed with a plasmonic wave propagating on the silver-glass interface. In principle, by measuring spectral splitting in the plasmon excitation peaks ∆λ p for the two polarizations of a fundamental core guided mode, one can envision detection of the hole ellipticity δ . This principle can be used in pressure sensors. Thus, by starting with a fiber containing circular metallized inclusions and by compressing the fiber uniaxially one will induce ellipticity in the hole structure. Such an ellipticity can then detected by measuring splitting in the plasmon excitation wavelengths. To characterize sensitivity of a pressure sensor we define sensitivity as
, which in our case gives S = 120nm. Assuming that 0.1nm shift between two plasmonic peaks can be resolved, ellipticity detection limit is estimated at 8 · 10 −4 .
Conclusion
A high performance boundary integral method for the modal analysis of MOFs is presented. The method can treat a large number of arbitrary shaped inclusions with boundaries defined by the individual parametric curves. For circular inclusions, in particular, majority of the calculations are done analytically, ensuring high accuracy and rapid convergence. Both solid core and hollow core fibers can be treated; multilayer (coated) inclusions can be easily accommodated. The method was tested on several simple problems, and it shows excellent agreement with simulations performed by other groups. Moreover, we demonstrated that the numerical cost of the boundary integral method is considerably smaller than that of the multipole method for the case of closely spaced inclusions, which is of particular importance for the case of hollow core photonic crystal fibers. We have established that unlike the multipole method, when spacing between inclusions decreases no convergence problems arise; only the computational cost of some of the matrix elements (the order of FFT) increases. To demonstrate the above mentioned advantages of the boundary integral method we applied it to several challenging problems. First, we studied confinement loss of a core guided mode of a hollow photonic crystal fiber featuring large number of reflector layers (5 layers with 120 holes). Second, modal birefringence of a hollow elliptical core fiber with 3 reflector layers was characterized. Finally, birefringence of the plasmon-coupled core modes of a solid core microstructured fiber with metallized elliptical holes was studied, and application to pressure sensing was proposed. We also note the following limits: 
with κ(s) being the curvature of L at s.
Appendix B: Coated inclusions
Consider the jth inclusion which is coated with a material of the refractive index n m as shown schematically in Fig. 7 . In this case an additional inner contour is present, and four additional contours functions must be specified: e( r s ) and h( r s ) at both contours on the coating side. When the boundary conditions are considered at the outer contour of this inclusion, Eqs. (5) should be modified. The first one, corresponding to the continuity of E z , becomes: denotes the inner one, e ( j) o denotes the potential density at the outer contour and e ( j) i denotes the potential density at the inner one (both densities are defined on the coating side). Suppose that the contours are circular. Since r s is on the outer boundary, the first integral in (20) is discretized by using the analytical formulas in (8) while the second integral is discretized by performing a FFT.
When the same boundary condition is considered at the inner contour we obtain:
Again, for circular contours, the integrals along the inner contour are evaluated with the help of analytical formulas in (8) while the one along the outer contour is discretized by performing a FFT. The rest of the equations in (5), are modified in a similar way.
